A short demonstration that the potentials in the Coulomb gauge yield the retarded electric and magnetic fields is presented. This demonstration is relatively simple and can be presented in an advanced undergraduate curse of electromagnetic theory,
Introduction
After the Lorenz gauge, the most popular gauge in electrodynamics is the Coulomb gauge in which the scalar potential Φ C displays the properties of acausality and instantaneous propagation. However, the electric field generated by the Coulomb-gauge potentials Φ C and A C is a retarded field satisfying the properties of causality and propagation at speed of light c. The proof of this well-known result seems to be, however, rather involved. Most textbooks usually do not present this proof and in the best of cases some of them quote a paper of Brill and Goodman 
The short proof
The electric and magnetic fields expressed in terms of the Coulomb-gauge potentials are
The equations for the potentials Φ C and A C are given by
where
The retarded solution of (4) can be written as
where R = |x − x ′ |, the quantities in the brackets [ ] are evaluated at the retarded time 
Consider now the identity
Equations (3) and (7) and the result ∇ 2 ∇Φ C = ∇∇ 2 Φ C yield the following wave equation
The retarded solution of this equation is given by
Equations (6) and (9) show that each of the terms −∂A C /∂t and −∇Φ C can be expressed as retarded integrals with local and non-local sources. The second integral in (9) exactly cancels the second integral in (6) . Therefore, if (6) and (9) are used in (1) then one obtains the electric field expressed in its usual retarded form [8] :
Curl of (5) and an integration by parts give the magnetic field in its usual retarded form:
The above proof that Φ C and A C yield the retarded fields is relatively simple and could be presented in an advanced undergraduate curse of electromagnetism. 
Jackson's proof
Jackson's proof that the Coulomb-gauge potentials yield the retarded electric field can be outlined as follows. The instantaneous solution of (3) reads
The gradient of (12) and an integration by parts allow one to express the field E in (1) as
The instantaneous (first) term in (13) must be a spurious quantity because the field E is expected to be a retarded field.
3 This means that the term −∂A C /∂t must contain a piece that identically eliminates the first term in (13). Jackson [2] has constructed an expression for A C using an indirect approach based on the gauge function that transforms the Lorenzgauge potentials into the Coulomb-gauge potentials [2]: 
The last term in (15) exactly cancels the first instantaneous piece in (13). Therefore, from (13) and (15) one obtains the retarded electric field in the form given by Jefimenko [8] :
The curl of (14) gives the magnetic field expressed in its usual retarded form [8] 
